A new five-parameter model called the modified beta Weibull probability distribution is being introduced in this paper. This model turns out to be quite flexible for analyzing positive data and has bathtub and upside down bathtub hazard rate function. Our main objectives are to obtain representations of certain statistical functions and to estimate the parameters of the proposed distribution. As an application, the probability density function is utilized to model two actual data sets. The new distribution is shown to provide a better fit than related distributions. The proposed distribution may serve as a viable alternative to other distributions available in the literature for modeling positive data arising in various fields of scientific investigation such as reliability theory, hydrology, medicine, meteorology, survival analysis and engineering.
Introduction
The Weibull distribution is a very popular distribution named after Waloddi Weibull, a Swedish physicist. He used it in 1939 to analyze the breaking strength of materials. Ever since, it has been widely used for analyzing lifetime data. However, this distribution does not have a bathtub or upside-down bathtub shaped hazard rate function, that is why it cannot be utilized to model the life time of certain systems. To overcome this shortcoming, several generalizations of the classical Weibull distribution have been discussed by different authors in recent years. Many authors introduced flexible distributions for modeling complex data and obtaining a better fit. Extensions of Weibull distribution arise in different areas of research as discussed for instance in [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 19, 20, 21, 24] and [27] . Many extended Weibull models have an upside-down bath tub shaped hazard rate, which is the case of the extensions discussed by [4] , [14] , [18] and [25] , among others. Adding parameters to an existing distribution enables one to obtain classes of more flexible distributions. Nadarajah et al. [17] introduced an interesting method for adding three new parameters to an existing distribution. The new distribution provides more flexibility to model various types of data. The baseline distribution has the cdf G(x), then the new distribution is
The Modified beta Weibull probability density function obtained from (1.1) can be expressed in the following form:
The cdf and pdf of Weibull distribution are defined as follows:
We further generalize this model by applying the modified beta technique [17] , which results in what we are referring to as the modified beta Weibull (MBW) distribution. The cdf, survival function, pdf and hazard rate function of the modified beta Weibull distribution, for which G(x) is the baseline function, are respectively given by
and
Also λ > 0 , k > 0 , a > 0 , b > 0 , c > 0 . Equations (1.5) to (1.8) can be easily evaluated numerically using computational packages such as Mathematica, Maple, MATLAB and R. The following Mathematica code can be used for integration purposes: Integrate[f(x),{x, 0, Infinity}]. Further, Figure 1 shows the correctness of the defined cdf. Note that on making use of the identity
one has the following series representations of the pdf specified by (1.7)
Moreover, the first derivative of h(x), which is used to study the shapes of hazard rate functions as explained in [13] is The rest of the paper is organized as follows. Representations of certain statistical functions are provided in Section 2. The parameter estimation technique described in Section 3 is utilized in connection with the modeling of two actual data sets originating from the engineering and biological sciences in Section 4, where the new model is compared with several related distributions. 
Statistical Functions of the MBW Distribution
Here, we derive computable representations of some statistical functions associated with the MBW distribution whose probability density function can be represented by (1.10). The resulting expressions can be evaluated exactly or numerically with symbolic computational packages such as Mathematica, MATLAB or Maple. In numerical applications, infinite sum can be truncated whenever convergence is observed.
2.1. Moments. We now derive closed form representations of the positive, negative and factorial moments of a MBW random variable. The r th raw moment of the MBW distribution is
The h th order negative moment can readily be determined by replacing r with −h in (2.1):
The factorial moments of X are
where E(X γ−m ) can be evaluated by replacing r by γ − m in (2.1).
Moment Generating Function.
The moment generating function of the MBW distribution whose density function is specified by (1.10) will be derived here. First, we consider a result developed in [23] :
where (η), (θ), (s) < 0 and k is rational number such that k = p/q, where p and q = 0 are integers.
The moment generating function of the MBW distribution whose density function is specified by (1.10) is
On replacing η with k, θ with λ −k (m + b)) and s with t. In the integrand of integral and making use of (2.5), we have the following representation of the moment generating function when k = p/q:
Entropy is a concept encountered in Physics and Engineering. An extension of Shannon's entropy for the continuous case can be defined as follows:
Combining (1.10) with (2.7), one has the following representation:
Note that, the integral on the right-hand side of (2.8) can be evaluated by numerical integration.
Mean Residue Life Function. The mean residue life function is defined as
where f (y), S(x) and E(Y ) are as given in (1.10), (1.6) and (2.2), respectively and
Equation (2.10) is obtained by making use of Equation (13) of [5] .
Mean Deviation.
The mean deviation about the mean is defined by
where E(X) can be evaluated by letting r = 1 in (2.2). The mean deviation can easily be evaluated by numerical integration.
Parameter Estimation
In this section, we will make use of the MBW, Transmuted-Weibull(TW) [1] , Kumaraswamy modified Weibull (KwMW) [9] , Extended Weibull (ExtW) [21] , Exponential-Weibull (EW) [5] , Gamma-Weibull (GW) [22] , Generalized modified Weibull (GMW) [4] , Modified Weibull (MW) [15] , Generalized gamma (GG) [26] , Two parameter Weibull (Weibull) and Two parameter gamma (Gamma) distributions to model two well-known real data sets, namely the 'Carbon fibres' [19] and the 'Cancer patients' [16] data sets. The parameters of the MBW distribution can be estimated from the loglikelihood of the samples in conjunction with the NMaximize command in the symbolic computational package Mathematica. Additionally, three goodness-of-fit measures are proposed to compare the density estimates.
Maximum Likelihood Estimation.
In order to estimate the parameters of the proposed MBW density function as defined in Equation (1.7) , the loglikelihood of the sample is maximized with respect to the parameters. Given the data xi, i = 1, . . . , n, the loglikelihood function is
where f (x) is as given in (1.7). The associated nonlinear loglikehood system ∂ (θ) ∂θ = 0 for MLE estimator derivation reads as follows:
Where ψ (0) (·) is the polygamma function. The above equations cannot be solved analytically and statistical software can be used to solve them numerically.
Goodness-of-Fit Statistics.
To verify the goodness-of-fit of certain statistical models, some goodness-of-fit statistics shall be used. They are computed using the symbolic computation package Mathematica. The following goodness-of-fit statistics are considered: the Anderson-Darling, Cramér-von Mises and Akaike Information Criterion (AIC) statistics for comparison purposes. The Anderson-Darling and Cramér-von Mises statistics are widely utilized to determine how closely a specific distribution whose associated cumulative distribution function denoted by cdf(·) fits the empirical distribution associated with a given data set. Upper tail percentiles of the asymptotic distributions of Anderson-Darling and Cramér-von Mises statistics were tabulated in [19] . The distribution having the better fit will be the one whose goodness-of-fit statistic is the smallest.
Empirical illustrations
In this section, we present two applications where the MBW model is compared with other related models, namely Transmuted-Weibull(TW) [1] , Kumaraswamy modified Weibull (KwMW) [9] Extended Weibull (ExtW) [21] , Exponential-Weibull (EW) [5] , Gamma-Weibull (GW) [22] , Generalized modified Weibull (GMW) [4] , Modified Weibull (MW) [15] , Generalized gamma (GG) [26] , Two parameter Weibull (Weibull) and Two parameter gamma (Gamma) distributions. We make use of two data sets: first, the Carbon fibres data set [19] and, secondly, the Cancer patients data set [16] .
• The classical gamma (Gamma) distribution with density function
• The classical Weibull (Weibull) distribution with density function
• The generalize gamma (GG) distribution [26] with density function
• The modified Weibull (MW) distribution [15] with density function f (x) = α x γ−1 (γ + λx) e (λx− αx γ e λ x ) , x > 0, γ, α > 0, λ ≥ 0.
• The generalized modified Weibull (GMW) distribution [4] with density function f (x) = ϕ α x γ−1 (γ + λx) e (λx−αx γ e λx ) 1 − e (−αx γ e λx ) ϕ−1 ,
x > 0, γ, α, ϕ > 0, λ ≥ 0.
• The gamma-Weibull distribution [22] with density function
• The exponential-Weibull (EW) distribution [5] with density function
• The Transmuted-Weibull(TW) [1] with density function
σ , x > 0, σ, η, λ > 0 .
• The extended Weibull (ExtW) distribution [21] with density function
• The Kumaraswamy modified Weibull (KwMW) distribution [9] with density function 4.1. The Carbon Fibres Data Set. The first data set represents the uncensored real data set on the breaking stress of carbon fibres (in Gba) as reported in [5] . 
Discussion
There has been a growing interest among statisticians and applied researchers in constructing flexible lifetime models in order to improve the modeling of survival data. As a result, significant progress has been made towards the generalization of some wellknown lifetime models, which have been successfully applied to problems arising in several areas of research. In particular, several authors have proposed new distributions which are based on the traditional Weibull model. In this paper, we introduce a five-parameter distribution which is obtained by applying the modified beta technique to the Weibull model. Interestingly, our proposed model has bathtub and up side down bathtub shaped hazard rate function.We studied some of its statistical properties. We also provided computable representations of the positive and negative moments, the factorial moments, the moment generating function, the mean residue life function, the mean deviation and the associated Shannon's entropy. The proposed distribution was applied to two data sets and shown to provide a better fit than other related models. The distributional results developed in this article should find numerous applications in the physical and biological sciences, reliability theory, hydrology, medicine, meteorology, engineering and survival analysis.
